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1. INTRODUCTION
The following definition is well known in the literature: a function f W I!R;¿¤
I  R; is said to be convex on I if the inequality
f .txC .1  t /y/ tf .x/C .1  t /f .y/
holds for every x;y 2 I and t 2 Œ0;1 :
Definition 1 (See [10]). A function f W Œ0;b! R is said to be m-convex, where
m 2 Œ0;1 ; b > 0, if for every x;y 2 Œ0;b and t 2 Œ0;1 we have :
f .txCm.1  t /y/ tf .x/Cm.1  t /f .y/ :
For recent results related to m-convex functions we refer the interest of readers to
the papers [2, 3, 5, 7, 8, 10].
Many authors have been studied on integral inequalities. One of the well known
of these inequalities -Simpson’s inequality- is given as following:
Theorem 1. Let f W Œa;b! R be a four times continuously differentiable map-
ping on .a;b/ and
f .4/1D supx2.a;b/
ˇˇˇ
f .4/ .x/
ˇˇˇ
<1: Then, the following inequality
c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holds:ˇˇˇˇ
ˇˇ13

f .a/Cf .b/
2
C2f

aCb
2

  1
b a
bZ
a
f .x/dx
ˇˇˇˇ
ˇˇ 12880 f .4/1 .b a/4 :
In [9], Sarıkaya et al. proved the following lemma and established some new
Simpson type inequalities for convex functions:
Lemma 1. Let f W I  R! R be a twice differentiable mapping on I ı such that
f 00 2 L1 Œa;b, where a;b 2 I with a < b, then the following equality holds:
1
6

f .a/C4f

aCb
2

Cf .b/

  1
b a
bZ
a
f .x/dx (1.1)
D.b a/2
1Z
0
k.t/f 00 .tbC .1  t /a/dt
where
k.t/D
8<:
t
2
 
1
3
  t ; t 2 0; 1
2

.1  t /  t
2
  1
3

; t 2 1
2
;1
 :
Theorem 2 (See [9]). Let f W I  R! R be a twice differentiable mapping on Iı
such that f 00 2L1 Œa;b, where a;b 2 I with a < b. If jf 00j is a convex on Œa;b, then
the following inequality holds:ˇˇˇˇ
ˇˇ16

f .a/C4f

aCb
2

Cf .b/

  1
b a
bZ
a
f .x/dx
ˇˇˇˇ
ˇˇ (1.2)
.b a/
2
162
ˇˇ
f 00.a/
ˇˇC ˇˇf 00.b/ˇˇ .
Theorem 3 (See [9]). Let f W I  R! R be a twice differentiable mapping on Iı
such that f 00 2L1 Œa;b, where a;b 2 I with a < b. If jf 00jq is a convex on Œa;b and
q  1, then the following inequality holds:ˇˇˇˇ
ˇˇ16

f .a/C4f

aCb
2

Cf .b/

  1
b a
bZ
a
f .x/dx
ˇˇˇˇ
ˇˇ (1.3)
.b a/2

1
162
1  1
q
(
59
3527
ˇˇ
f 00.b/
ˇˇqC 133
3527
ˇˇ
f 00.a/
ˇˇq 1q
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C

133
3527
ˇˇ
f 00.b/
ˇˇqC 59
3527
ˇˇ
f 00.a/
ˇˇq 1q)
where 1
p
C 1
q
D 1.
For recent refinements, counterparts, generalizations and new Simpson’s type in-
equalities, see the papers [1, 4, 6].
The main purpose of this paper is to give some generalizations of integral inequal-
ities for convex and m-convex functions by using a more general lemma similar to
Lemma 1. Some comparisons and applications to special means related to our results
are also given.
2. MAIN RESULTS
Throughout this paper, we will assume that I  R. To prove our main theorems
we need the following lemma involving a new kernel.
Lemma 2. Let f W I  R! R be a twice differentiable mapping on I ı such that
f 00 2 L1 Œa;b , where a;b 2 I with a < b and r 2 RC then the following equality
holds:
1
r.rC1/ Œf .a/Cf .b/C
2
rC1f

aCb
2

  2
r.b a/
bZ
a
f .x/dx (2.1)
D.b a/2
1Z
0
k.t/f 00 .tbC .1  t /a/dt
where
k.t/D
8<:
t
r
 
1
rC1   t

; t 2 0; 1
2

.1  t /  t
r
  1
rC1

; t 2 1
2
;1
 :
Proof. By definition of k.t/, we can write
I D
1Z
0
k.t/f 00 .tbC .1  t /a/dt
D
1
2Z
0
t
r

1
rC1   t

f 00 .tbC .1  t /a/dt
C
1Z
1
2
.1  t /

t
r
  1
rC1

f 00 .tbC .1  t /a/dt:
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Integrating the right hand side of the above equality by parts twice, we have
1
2Z
0
t
r

1
rC1   t

f 00 .tbC .1  t /a/dt
D  r  1
4r.rC1/.b a/f
0

aCb
2

C 1
.b a/2
264 1
rC1f

aCb
2

C 1
r.rC1/f .a/ 
2
r
1
2Z
0
f .tbC .1  t /a/dt
375
and
1Z
1
2
.1  t /

t
r
  1
rC1

f 00 .tbC .1  t /a/dt
D r  1
4r.rC1/.b a/f
0

aCb
2

C 1
.b a/2
2664 1rC1f

aCb
2

C 1
r.rC1/f .b/ 
2
r
1Z
1
2
f .tbC .1  t /a/dt
3775 :
By addition and using the change of variable x D tbC .1  t /a for t 2 Œ0;1 and
multiplying the both sides by .b a/2; we obtain (2.1). 
Remark 1. If we choose r D 2 in (2.1), we get the equality (1.1).
Theorem 4. Let f W I  R! R be a twice differentiable mapping on I ı such that
f 00 2 L1 Œa;b ; where a;b 2 I with a < b and r 2 RC: If jf 00j is convex, then we
have the following inequality;ˇˇˇˇ
ˇˇ 1r.rC1/ Œf .a/Cf .b/C 2rC1f

aCb
2

  2
r.b a/
bZ
a
f .x/dx
ˇˇˇˇ
ˇˇ (2.2)
M .b a/2 ˇˇf 00 .a/ˇˇC ˇˇf 00 .b/ˇˇ
where M D r3 3rC6
24r.rC1/3 :
Proof. From Lemma 2 and by using convexity of jf 00 .x/j ; we obtainˇˇˇˇ
ˇˇ 1r.rC1/ Œf .a/Cf .b/C 2rC1f

aCb
2

  2
r
1Z
0
f .tbC .1  t /a/dt
ˇˇˇˇ
ˇˇ (2.3)
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.b a/2
8ˆ<ˆ
:
1
2Z
0
ˇˇˇˇ
t
r

1
rC1   t
ˇˇˇˇ
t
ˇˇ
f 00 .b/
ˇˇC .1  t / ˇˇf 00 .a/ˇˇdt
C
1Z
1
2
ˇˇˇˇ
.1  t /

t
r
  1
rC1
ˇˇˇˇ
t
ˇˇ
f 00 .b/
ˇˇC .1  t / ˇˇf 00 .a/ˇˇdt
9>>=>>;
D.b a/2
8ˆ<ˆ
:
1
2Z
0
ˇˇˇˇ
t
r

1
rC1   t
ˇˇˇˇ
t
ˇˇ
f 00 .b/
ˇˇC .1  t / ˇˇf 00 .a/ˇˇdt
C
1
2Z
0
ˇˇˇˇ
t

1  t
r
  1
rC1
ˇˇˇˇ
.1  t / ˇˇf 00 .b/ˇˇC t ˇˇf 00 .a/ˇˇdt
9>=>;
D.b a/2 .J1CJ2/
where
J1 D
1
2Z
0
ˇˇˇˇ
t
r

1
rC1   t
ˇˇˇˇ
t
ˇˇ
f 00 .b/
ˇˇC .1  t / ˇˇf 00 .a/ˇˇdt
J2 D
1Z
1
2
ˇˇˇˇ
.1  t /

t
r
  1
rC1
ˇˇˇˇ
t
ˇˇ
f 00 .b/
ˇˇC .1  t / ˇˇf 00 .a/ˇˇdt :
By a little hard computation, one can see that
J1 D
1
rC1Z
0
ˇˇˇˇ
t
r

1
rC1   t
ˇˇˇˇ
t
ˇˇ
f 00 .b/
ˇˇC .1  t / ˇˇf 00 .a/ˇˇdt
C
1
2Z
1
rC1
ˇˇˇˇ
t
r

t   1
rC1
ˇˇˇˇ
t
ˇˇ
f 00 .b/
ˇˇC .1  t / ˇˇf 00 .a/ˇˇdt
DM1
ˇˇ
f 00 .b/
ˇˇCM2 ˇˇf 00 .a/ˇˇ
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and
J2 D
r
rC1Z
1
2
ˇˇˇˇ
t

1  t
r
  1
rC1
ˇˇˇˇ
.1  t / ˇˇf 00 .b/ˇˇC t ˇˇf 00 .a/ˇˇdt
C
1Z
r
rC1
ˇˇˇˇ
t

1  t
r
  1
rC1
ˇˇˇˇ
.1  t / ˇˇf 00 .b/ˇˇC t ˇˇf 00 .a/ˇˇdt
DM1
ˇˇ
f 00 .a/
ˇˇCM2 ˇˇf 00 .b/ˇˇ
where
M1 D 3r
4C4r3 6r2 12rC27
192r .rC1/4 and M2 D
5r4C4r3 18r2C36rC21
192r .rC1/4 :
By taking into account J1; J2; M1 and M2 in (2.3), we obtain
J1CJ2 D.M1CM2/
ˇˇ
f 00 .a/
ˇˇC ˇˇf 00 .b/ˇˇ
DM ˇˇf 00 .a/ˇˇC ˇˇf 00 .b/ˇˇ
which completes the proof. 
Corollary 1. If we take r D 1 in (2.2) we obtain the following inequality:
ˇˇˇˇ
ˇˇf .a/Cf .b/2 Cf

aCb
2

  2
b a
bZ
a
f .x/dx
ˇˇˇˇ
ˇˇ (2.4)
.b a/
2
48
ˇˇ
f 00 .a/
ˇˇC ˇˇf 00 .b/ˇˇ :
Corollary 2. The following table shows the results in (2.2) for several values of r:
In the table the left hand side of (2.2) is given by LHS and the right one is given by
RHS.
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r LHS RHS
1 f .a/Cf .b/
2
Cf

aCb
2

  2
.b a/
bR
a
f .x/dx .b a/
2
48
Œjf 00 .a/jC jf 00 .b/j
2 1
6
h
f .a/C4f

aCb
2

Cf .b/
i
  1
.b a/
bR
a
f .x/dx .b a/
2
162
Œjf 00 .a/jC jf 00 .b/j
3 1
12
h
f .a/C6f

aCb
2

Cf .b/
i
  2
3.b a/
bR
a
f .x/dx .b a/
2
192
Œjf 00 .a/jC jf 00 .b/j
24 1
600
h
f .a/C48f

aCb
2

Cf .b/
i
  1
12.b a/
bR
a
f .x/dx .b a/
2
654
Œjf 00 .a/jC jf 00 .b/j
30 1
930
h
f .a/C30f

aCb
2

Cf .b/
i
  1
15.b a/
bR
a
f .x/dx .b a/
2
797
Œjf 00 .a/jC jf 00 .b/j
From the table one can see that if we take r!1 we obtain smaller upper bounds
for the inequality .2:2/ :
Remark 2. If we take r D 2 in (2.2) we obtain (1.2).
Example 1. Under the assumptions of Theorem 4, if we choose Œa;b D Œ0;1
then we can give the following graphics for some special cases of f by Mathematica
programme . In these graphics x-axis shows the values of r 2 RC:
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Theorem 5. Let f W I  R! R be a twice differentiable mapping on I ı such that
f 00 2 L1 Œa;b and if jf 00jq is convex on Œa;b where a;b 2 I with a < b , r 2 RC
and q  1, then the following inequality holds:ˇˇˇˇ
ˇˇ 1r.rC1/ Œf .a/Cf .b/C 2rC1f

aCb
2

  2
r.b a/
bZ
a
f .x/dx
ˇˇˇˇ
ˇˇ
.b a/2

r3 3rC6
24r.rC1/3
1  1
q

M1
ˇˇ
f 00.b/
ˇˇqCM2 ˇˇf 00.a/ˇˇq 1q 
C

M2
ˇˇ
f 00.b/
ˇˇqCM1 ˇˇf 00.a/ˇˇq 1q 
where M1 D 3r4C4r3 6r2 12rC27
192r.rC1/4 and M2 D
5r4C4r3 18r2C36rC21
192r.rC1/4 :
Proof. From Lemma 2 and by using the well known power-mean inequality for
q  1; we haveˇˇˇˇ
ˇˇ 1r.rC1/ Œf .a/Cf .b/C 2rC1f

aCb
2

  2
r.b a/
bZ
a
f .x/dx
ˇˇˇˇ
ˇˇ
.b a/2
1Z
0
jk.t/j ˇˇf 00 .tbC .1  t /a/ˇˇdt
.b a/2
0B@
1
2Z
0
ˇˇˇˇ
t
r

1
rC1   t
ˇˇˇˇ
dt
1CA
1  1
q
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
0B@
1
2Z
0
ˇˇˇˇ
t
r

1
rC1   t
ˇˇˇˇ ˇˇ
f 00 .tbC .1  t /a/ˇˇq dt
1CA
1
q
C
0BB@
1Z
1
2
ˇˇˇˇ
.1  t /

t
r
  1
rC1
ˇˇˇˇ
dt
1CCA
1  1
q

0BB@
1Z
1
2
ˇˇˇˇ
.1  t /

t
r
  1
rC1
ˇˇˇˇ ˇˇ
f 00 .tbC .1  t /a/ˇˇq dt
1CCA
1
q
:
On the other hand, since jf 00jq is convex on Œa;b ; we have
1
2Z
0
ˇˇˇˇ
t
r

1
rC1   t
ˇˇˇˇ ˇˇ
f 00 .tbC .1  t /a/ˇˇq dt (2.5)

1
2Z
0
ˇˇˇˇ
t
r

1
rC1   t
ˇˇˇˇh
t
ˇˇ
f 00.b/
ˇˇqC .1  t / ˇˇf 00.a/ˇˇqidt
D
1
rC1Z
0
ˇˇˇˇ
t
r

1
rC1   t
ˇˇˇˇh
t
ˇˇ
f 00.b/
ˇˇqC .1  t / ˇˇf 00.a/ˇˇqidt
C
1
2Z
1
rC1
ˇˇˇˇ
t
r

t   1
rC1
ˇˇˇˇh
t
ˇˇ
f 00.b/
ˇˇqC .1  t / ˇˇf 00.a/ˇˇqidt
DM1
ˇˇ
f 00.b/
ˇˇqCM2 ˇˇf 00.a/ˇˇq
and
1Z
1
2
ˇˇˇˇ
.1  t /

t
r
  1
rC1
ˇˇˇˇ ˇˇ
f 00 .tbC .1  t /a/ˇˇq dt (2.6)

1Z
1
2
ˇˇˇˇ
.1  t /

t
r
  1
rC1
ˇˇˇˇh
t
ˇˇ
f 00.b/
ˇˇqC .1  t / ˇˇf 00.a/ˇˇqidt
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D
r
rC1Z
1
2
ˇˇˇˇ
.1  t /

t
r
  1
rC1
ˇˇˇˇh
t
ˇˇ
f 00.b/
ˇˇqC .1  t / ˇˇf 00.a/ˇˇqidt
C
1Z
r
rC1
ˇˇˇˇ
.1  t /

1
rC1  
t
r
ˇˇˇˇh
t
ˇˇ
f 00.b/
ˇˇqC .1  t / ˇˇf 00.a/ˇˇqidt
DM2
ˇˇ
f 00.b/
ˇˇqCM1 ˇˇf 00.a/ˇˇq
where M1 D 3r4C4r3 6r2 12rC27
192r.rC1/4 and M2 D
5r4C4r3 18r2C36rC21
192r.rC1/4 :
From (2.5) and (2.6) and by using the fact that
1
2Z
0
ˇˇˇˇ
t
r

1
rC1   t
ˇˇˇˇ
dt D
1Z
1
2
ˇˇˇˇ
.1  t /

t
r
  1
rC1
ˇˇˇˇ
dt D r
3 3rC6
24r.rC1/3
we deduceˇˇˇˇ
ˇˇ 1r.rC1/ Œf .a/Cf .b/C 2rC1f

aCb
2

  2
r.b a/
bZ
a
f .x/dx
ˇˇˇˇ
ˇˇ
.b a/2

r3 3rC6
24r.rC1/3
1  1
q

M1
ˇˇ
f 00.b/
ˇˇqCM2 ˇˇf 00.a/ˇˇq 1q 
C

M2
ˇˇ
f 00.b/
ˇˇqCM1 ˇˇf 00.a/ˇˇq 1q  ;
which completes the proof. 
Corollary 3. i) Under the assumptions of Theorem 5, if we choose r D 1 we get
the following inequality:ˇˇˇˇ
ˇˇf .a/Cf .b/2 Cf

aCb
2

  2
b a
bZ
a
f .x/dx
ˇˇˇˇ
ˇˇ
.b a/2

1
48
1  1
q
("
1
192
ˇˇ
f 00.b/
ˇˇqC 3
192
ˇˇ
f 00.a/
ˇˇq 1q#
C
"
3
192
ˇˇ
f 00.b/
ˇˇqC 1
192
ˇˇ
f 00.a/
ˇˇq 1q#)
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ii) Let a1D 1192 jf 00 .b/jq ; b1D 3192 jf 00 .a/jq ; a2D 3192 jf 00 .b/jq ; b2D 1192 jf 00 .a/jq :
Here 0 < 1
q
< 1; for q > 1; using the fact that
nX
kD1
.akCbk/s 
nX
kD1
.ak/
sC
nX
kD1
.bk/
s
for 0 s  1, a1; :::;an  0; b1; :::bn  0; we get the following inequality:ˇˇˇˇ
ˇˇf .a/Cf .b/2 Cf

aCb
2

  2
b a
bZ
a
f .x/dx
ˇˇˇˇ
ˇˇ
.b a/2

1
48
1  1
q
(
1
1921=q
ˇˇ
f 00 .b/
ˇˇC 3
192
1=q ˇˇ
f 00 .a/
ˇˇ)
:
Now for q!1; we getˇˇˇˇ
ˇˇf .a/Cf .b/2 Cf

aCb
2

  2
b a
bZ
a
f .x/dx
ˇˇˇˇ
ˇˇ .b a/224  ˇˇf 00 .a/ˇˇC ˇˇf 00 .b/ˇˇ :
Theorem 6. Let f W I  R! R be a twice differentiable mapping on I ı such that
f 00 2 L1 Œa;b and jf 00j is m-convex function with m 2 .0;1, where a;b 2 I with
a < b and r 2 RCˇˇˇˇ
ˇˇ 1r.rC1/ Œf .a/Cf .b/C 2rC1f

aCb
2

  2
r.b a/
bZ
a
f .x/dx
ˇˇˇˇ
ˇˇ (2.7)
.b a/2M
h
m
ˇˇˇ
f 00
 a
m
ˇˇˇ
C ˇˇf 00 .b/ˇˇi
where M D r3 3rC6
24r.rC1/3 :
Proof. From Lemma 2 and using the property of absolute value, we can writeˇˇˇˇ
ˇˇ 1r.rC1/ Œf .a/Cf .b/C 2rC1f

aCb
2

  2
r.b a/
bZ
a
f .x/dx
ˇˇˇˇ
ˇˇ
.b a/2
1Z
0
ˇˇ
k.t/f 00 .tbC .1  t /a/ˇˇdt:
Since jf 00j is m-convex on Œa;b ; we know that for any t 2 Œ0;1ˇˇ
f 00 .tbC .1  t /a/ˇˇD ˇˇˇf 00tbCm.1  t / a
m
ˇˇˇ
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t ˇˇf 00.b/ˇˇCm.1  t / ˇˇˇf 00 a
m
ˇˇˇ
hence it follows that
.b a/2
1Z
0
jk.t/j
h
t
ˇˇ
f 00.b/
ˇˇCm.1  t / ˇˇˇf 00 a
m
ˇˇˇi
dt
D.b a/2
8ˆ<ˆ
:
1
2Z
0
ˇˇˇˇ
t
r

1
rC1   t
ˇˇˇˇh
t
ˇˇ
f 00 .b/
ˇˇCm.1  t / ˇˇˇf 00 a
m
ˇˇˇi
dt
C
1Z
1
2
ˇˇˇˇ
.1  t /

t
r
  1
rC1
ˇˇˇˇh
t
ˇˇ
f 00 .b/
ˇˇCm.1  t / ˇˇˇf 00 a
m
ˇˇˇi
dt
9>>=>>;
DJ1CJ2
where
J1 D
1
2Z
0
ˇˇˇˇ
t
r

1
rC1   t
ˇˇˇˇh
t
ˇˇ
f 00 .b/
ˇˇCm.1  t / ˇˇˇf 00 a
m
ˇˇˇi
dt
J2 D
1Z
1
2
ˇˇˇˇ
.1  t /

t
r
  1
rC1
ˇˇˇˇh
t
ˇˇ
f 00 .b/
ˇˇCm.1  t / ˇˇˇf 00 a
m
ˇˇˇi
dt:
If we compute J1 and J2; we have
J1 D
1
rC1Z
0
ˇˇˇˇ
t
r

1
rC1   t
ˇˇˇˇh
t
ˇˇ
f 00 .b/
ˇˇCm.1  t / ˇˇˇf 00 a
m
ˇˇˇi
dt
C
1
2Z
1
rC1
ˇˇˇˇ
t
r

t   1
rC1
ˇˇˇˇh
t
ˇˇ
f 00 .b/
ˇˇCm.1  t / ˇˇˇf 00 a
m
ˇˇˇi
dt
DM1
ˇˇ
f 00 .b/
ˇˇCM2m ˇˇˇf 00 a
m
ˇˇˇ
and
J2 D
r
rC1Z
1
2
ˇˇˇˇ
.1  t /

1
rC1  
t
r
ˇˇˇˇh
t
ˇˇ
f 00 .b/
ˇˇCm.1  t / ˇˇˇf 00 a
m
ˇˇˇi
dt
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C
1Z
r
rC1
ˇˇˇˇ
.1  t /

t
r
  1
rC1
ˇˇˇˇh
t
ˇˇ
f 00 .b/
ˇˇCm.1  t / ˇˇˇf 00 a
m
ˇˇˇi
dt
DM1m
ˇˇˇ
f 00
 a
m
ˇˇˇ
CM2
ˇˇ
f 00 .b/
ˇˇ
where M1 D 3r4C4r3 6r2 12rC27
192r.rC1/4 and M2 D
5r4C4r3 18r2C36rC21
192r.rC1/4 :
By taking into account J1 and J2; we obtain the desired result. 
Theorem 7. Let f W I  R! R be a twice differentiable mapping on I ı such that
f 00 2 L1 Œa;b and if jf 00jq is m-convex on Œa;b and m 2 .0;1 where a;b 2 I with
a < b , r 2 RC and q  1; then the following inequality holds;ˇˇˇˇ
ˇˇ 1r.rC1/ Œf .a/Cf .b/C 2rC1f

aCb
2

  2
r.b a/
bZ
a
f .x/dx
ˇˇˇˇ
ˇˇ (2.8)
.b a/2

r3 3rC6
24r.rC1/3
1  1
q
((
M1
ˇˇ
f 00.b/
ˇˇqCM2m ˇˇˇf 00. a
m
/
ˇˇˇq 1q)
C

M2
ˇˇ
f 00.b/
ˇˇqCM1m ˇˇˇf 00. a
m
/
ˇˇˇq 1q)
where M1 D 3r4C4r3 6r2 12rC27
192r.rC1/4 and M2 D
5r4C4r3 18r2C36rC21
192r.rC1/4 :
Proof. From Lemma 2 and by using the well known power-mean inequality, we
have ˇˇˇˇ
ˇˇ 1r.rC1/ Œf .a/Cf .b/C 2rC1f

aCb
2

  2
r.b a/
bZ
a
f .x/dx
ˇˇˇˇ
ˇˇ
.b a/2
1Z
0
jk.t/j ˇˇf 00 .tbC .1  t /a/ˇˇdt
.b a/2
0B@
1
2Z
0
ˇˇˇˇ
t
r

1
rC1   t
ˇˇˇˇ
dt
1CA
1  1
q

0B@
1
2Z
0
ˇˇˇˇ
t
r

1
rC1   t
ˇˇˇˇ ˇˇ
f 00 .tbC .1  t /a/ˇˇq dt
1CA
1
q
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C
0BB@
1Z
1
2
ˇˇˇˇ
.1  t /

t
r
  1
rC1
ˇˇˇˇ
dt
1CCA
1  1
q

0BB@
1Z
1
2
ˇˇˇˇ
.1  t /

t
r
  1
rC1
ˇˇˇˇ ˇˇ
f 00 .tbC .1  t /a/ˇˇq dt
1CCA
1
q
:
Since jf 00jq is m-convex, we have
1
2Z
0
ˇˇˇˇ
t
r

1
rC1   t
ˇˇˇˇ ˇˇ
f 00 .tbC .1  t /a/ˇˇq dt (2.9)

1
2Z
0
ˇˇˇˇ
t
r

1
rC1   t
ˇˇˇˇh
t
ˇˇ
f 00.b/
ˇˇqCm.1  t / ˇˇˇf 00. a
m
/
ˇˇˇqi
dt
D
1
rC1Z
0
ˇˇˇˇ
t
r

1
rC1   t
ˇˇˇˇh
t
ˇˇ
f 00.b/
ˇˇqCm.1  t / ˇˇˇf 00. a
m
/
ˇˇˇqi
dt
C
1
2Z
1
rC1
ˇˇˇˇ
t
r

t   1
rC1
ˇˇˇˇh
t
ˇˇ
f 00.b/
ˇˇqCm.1  t / ˇˇˇf 00. a
m
/
ˇˇˇqi
dt
DM1
ˇˇ
f 00.b/
ˇˇqCM2m ˇˇˇf 00. a
m
/
ˇˇˇq
and
1Z
1
2
ˇˇˇˇ
.1  t /

t
r
  1
rC1
ˇˇˇˇ ˇˇ
f 00 .tbC .1  t /a/ˇˇq dt (2.10)

1Z
1
2
ˇˇˇˇ
.1  t /

t
r
  1
rC1
ˇˇˇˇh
t
ˇˇ
f 00.b/
ˇˇqCm.1  t / ˇˇˇf 00. a
m
/
ˇˇˇqi
dt
D
r
rC1Z
1
2
ˇˇˇˇ
.1  t /

t
r
  1
rC1
ˇˇˇˇh
t
ˇˇ
f 00.b/
ˇˇqCm.1  t / ˇˇˇf 00. a
m
/
ˇˇˇqi
dt
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C
1Z
r
rC1
ˇˇˇˇ
.1  t /

1
rC1  
t
r
ˇˇˇˇh
t
ˇˇ
f 00.b/
ˇˇqCm.1  t / ˇˇˇf 00. a
m
/
ˇˇˇqi
dt
DM2
ˇˇ
f 00.b/
ˇˇqCM1m ˇˇˇf 00. a
m
/
ˇˇˇq
where M1 D 3r4C4r3 6r2 12rC27
192r.rC1/4 and M2 D
5r4C4r3 18r2C36rC21
192r.rC1/4 .
From (2.9) and (2.10) and by using the fact that
1
2Z
0
ˇˇˇˇ
t
r

1
rC1   t
ˇˇˇˇ
dt D
1Z
1
2
ˇˇˇˇ
.1  t /

t
r
  1
rC1
ˇˇˇˇ
dt D r
3 3rC6
24r.rC1/3
we obtainˇˇˇˇ
ˇˇ 1r.rC1/ Œf .a/Cf .b/C 2rC1f

aCb
2

  2
r.b a/
bZ
a
f .x/dx
ˇˇˇˇ
ˇˇ (2.11)
.b a/2

r3 3rC6
24r.rC1/3
1  1
q
(
M1
ˇˇ
f 00.b/
ˇˇqCM2m ˇˇˇf 00. a
m
/
ˇˇˇq 1q
C

M2
ˇˇ
f 00.b/
ˇˇqCM1m ˇˇˇf 00. a
m
/
ˇˇˇq 1q)
;
which completes the proof. 
3. APPLICATIONS TO SPECIAL MEANS
Now, we consider some applications of our theorems to the following special
means.
a) The arithmetic mean:
AD A.a;b/ WD aCb
2
; a;b  0;
b) The harmonic mean:
H DH .a;b/ WD 2ab
aCb ; a;b  0;
c) The logarithmic mean:
LD L.a;b/ WD

a if aD b
b a
lnb lna if a¤ b
; a;b  0;
d) The p logarithmic mean:
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Lp D Lp .a;b/ WD
( h
bpC1 apC1
.pC1/.b a/
i1=p
if a¤ b
a if aD b
; p 2 Rnf 1;0g I a;b > 0:
Proposition 1. Let a;b;n 2 R; then we haveˇˇ
A
 
an;bn
CAn .a;b/ 2Lnn .a;b/ˇˇ .b a/224 n.n 1/Ajajn 2 ; jbjn 2 (3.1)
andˇˇˇˇ
1
3
A
 
an;bn
C 2
3
An .a;b/ Lnn .a;b/
ˇˇˇˇ
 .b a/
2
81
n.n 1/A

jajn 2 ; jbjn 2

Proof. The assertion follows from Theorem 4 applied for f .x/ D xn; x 2 Œa;b
with r D 1 for the first inequality and r D 2 for the second inequality. 
And especially for f .x/D 1
x
, we can getˇˇ
H .a;b/CA 1 .a;b/ 2L.a;b/ˇˇ .b a/2
12
A

jaj 3 ; jbj 3

for r D 1 andˇˇˇˇ
1
3
H .a;b/C 2
3
An .a;b/ L.a;b/
ˇˇˇˇ
 .b a/
2
81
2A

jaj 3 ; jbj 3

for r D 2:
Proposition 2. Let a;b;n 2 R; then we haveˇˇ
A
 
an;bn
CAn .a;b/ 2Lnn .a;b/ˇˇ .b a/224 n.n 1/Am jajn 2 ; jbjn 2
(3.2)
andˇˇˇˇ
1
3
A
 
an;bn
C 2
3
An .a;b/ Lnn .a;b/
ˇˇˇˇ
 .b a/
2
216
n.n 1/A

m jajn 2 ; jbjn 2

Proof. The assertion follows from Theorem 6 applied for f .x/ D xn; x 2 Œa;b
with r D 1 for the first inequality and r D 2 for the second inequality. 
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